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Abst rac t - -A  number of important phenomena in ecology can be modeled by one-dimensional, 
nonlinear reaction-diffusion PDEs. This paper considers a modified Fisher PDE for which the diffusion 
term is nonlinear. A nonstandard finite difference scheme is constructed using methods generated by 
the previous work of Mickens. As a check on the mathematical properties of this scheme, a linear 
stability analysis is carried out for the two fixed-points appearing in the differential and difference 
equations. The finite difference scheme is shown to have solutions which satisfy a positivity condition 
as well as the requirement of boundedness. Further, the scheme is explicit and a functional relationship 
is obtained between the space and time step-sizes. A numerical test of the scheme is done for a 
particular initial/boundary value problem. A brief discussion of how the work can be extended 
and/or generalized is also given. (~) 2003 Elsevier Science Ltd. All rights reserved. 
Keywords- -F isher  equation, Nonlinear diffusion, Finite difference methods, Nonstandard sche- 
mes, Numerical procedures. 
1. INTRODUCTION 
Nonlinear partial differential equations arise in almost all areas of the natural and engineering 
sciences [1-3]. A particular class of equations are those modelling nonlinear eaction and/or dif- 
fusion phenomena [3,4]. The one-dimensional (1-dim) Fisher equation [1,2] provides an example 
for which the diffusion is linear and the reaction term is quadratic in the dependent variable. 
However, many cases occur in which the diffusion term is either nonlinear or the diffusion coef- 
ficient is a function of the dependent variable [2,3]. The general properties of the solutions to 
such equations often depend on the given initial/boundary values selected and consequently a 
variety of possible behaviors may exist, including wave-like shock solutions [3]. The purpose of 
this paper is to construct finite difference schemes for a Fisher type PDE where the diffusion term 
is nonlinear. These schemes are determined such that certain mathematical nd physical prop- 
erties are shared by both the corresponding differential and difference quations. The methods 
used in these constructions are based on the nonstandard finite difference schemes investigated 
by Mickens [5]. 
The major requirements for the schemes are the satisfaction of a positivity condition [6] along 
with boundedness of the solutions [5]. These schemes are explicit and lead to a functional relation 
between the time and space step-sizes. In general, the absence of these restrictions allows for the 
existence of numerical instabilities, i.e., solutions of the discrete difference quations that do not 
correspond to any solutions of the continuous differential equations [7]. 
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The particular PDE to be studied is 
ut = uu= + u(1 - u), u = u(z, t), (1.1) 
where the subscripts indicate differentiation with respect o the displayed independent variable x
or t. Since u(x,  t) represents a concentration or a number density, it follows that [1,2] 
u(z, o) > o u(x, t) > o, t > o (1.2) 
F~rther, for the above-mentioned Fisher PDE, the "physically" relevant solutions also have the 
restriction [2] 
0 < u(x , t )  < 1, t > O. (1.3) 
The form given by equation (1.1) has been written in such a manner that all original parameters 
and variables have been re-expressed in a dimensionless arrangement. 
The remainder of the paper is organized as follows. Section 2 gives a brief outline of the 
nonstandard finite difference philosophy. Two nonstandard finite difference schemes (NSFDS) 
are constructed in Section 3 and reasons are given for selecting one over the other. In Section 4, 
numerical results are provided for a particular initial/boundary value example. Finally, Section 5 
gives a summary of the results obtained, makes certain general comments on related issues to the 
constructed NSFDS, and indicates the next class of problems to be investigated. 
2. NSFD RULES 
The genesis of nonstandard finite difference (NSFD) modelling procedures began with the 1989 
publication of Mickens [6]. Extensions and a summary of the known results up to 1994 are given 
in Mickens [7]. This class of schemes and their formulation center on two issues. First, how 
should discrete representations for derivatives be determined, and second, what are the proper 
forms to be used for nonlinear terms. 
A brief and first introduction to the discrete derivative issue is discussed in the paper by 
Mickens et al. [8]. The critical point to make is that the notion of the discrete derivative must 
be generalized to include structures having the form [5-7] 
dx xk+l - xk 
- -  --, (2 .1 )  
dt ¢(h, A) ' 
where tk = (At)k = hk, xk is an approximation to x(tk) ,  and the "denominator function" satisfies 
the condition 
¢(h, A) = h + O (h2) .  (2.2) 
In equations (2.1) and (2.2), A represents various parameters appearing in the differential equa- 
tion. This way of constructing discrete derivatives can be easily extended to partial deriva- 
tives [6,7]. 
The second issue relates to the modelling of nonlinear terms, e.g., x 2. In general, when such an 
expression occurs in an ODE, it should be replaced by one or more of the following "nonlocal" 
representations 
z2 --, ~ 2z~ -xk+lzk ,  (2.3) 
[ Xk+lXk, 
and not by the "local" term x 2. 
Both of these topics are discussed in detail in references [5-7]. A good set of examples illus- 
trating the above stated principals are given in Section 3.3 of [7]. In particular, for the nonlinear 
PDE 
ut + ux = U(1 -- u),  (2.4) 
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the "exact" NSFD scheme is 
U~na+l n 
- -  ~rn 
¢(At) 
where the denominator function is 
n __ Un  
_~_ Urn rn - - I  n (1 -- U~nn +I)  (2.5) 
¢(Az) - urn_l 
¢(z) =eZ-1 ,  (2.6) 
tn = (a t )n ,  xrn = (Ax)m,  and u~ is the representation for u(xm,tn) .  As a matter of practical 
significance in the calculation of numerical solutions for nonlinear PDEs for which no exact 
scheme is known (and this is clearly the case in essentially all cases of interest), the replacement 
of denominator functions by their most elementary representation is usually the best policy, i.e., 
using ¢(z) = z. However, it can be easily shown that this is not what should be done for ODEs. 
The explanation for this is given in Sections 4.2 and 4.4 of [7]. 
In general, the NSFD rules do not lead to a unique discrete model for either ODEs or PDEs. 
However, this a priori nonuniqueness can often be partially resolved by appeal to various con- 
straints applied to the discrete quations modelling the differential equations. For example, if the 
ODE or PDE has special solutions, such as fixed points or traveling waves, the requirement that 
the discrete quations also have these solutions along with the corresponding (linear) stability 
properties will often force the discrete models to only assume a small set of possible structures. 
Finally, it should be noted that a recent preliminary manuscript by Anguelov et al. [9] is the 
first detailed study of some of the various mathematical questions related to NSFD schemes. 
, 
A possible NSFD scheme for equation (1.1) is 
n Furn+l  2 n n ~nn+l = U~ 1 ["  -- ZU~n ?Urn- - l l  + - -  Urn  n . n+l .  n 
¢(At) ¢ (Az)  / urn -.~,rn urn, 
TWO F IN ITE  D IFFERENCE SCHEMES FOR EQUATION (1 .1)  
(3.1) 
where ¢ and ¢ have the properties 
¢(z) = z + o (z~), 
Solving for u~n +1 and letting R = 0.5, where 
¢(z )=z2+O(z4) .  (3.2) 
gives 
R - ¢ (At )  (3.3) ¢(Az)' 
u~+l = (1 + ¢)u~ (3.4) 
1 + (1 + ¢)~ - ( (~+1 + u~,_~)/2) 
Note, that the conditions of equations (1.2) and (1.3) become for the discrete model 
0 <1~0<_ n <1. (3.5) 0 _< Urn _ um_ 
This requirement includes both a condition of positivity (nonnegativeness) and boundedness. 
The scheme of equation (3.4) has this property. It can be easily shown by the following argument 
which centers on proving that 
O < n --< l =# O < Unm+l < _ (3.6) 
PROOF. 
(i) 
U n ?A n 
n <1=~0< rn+l+ m-1 <1,  (3.7) 0_< urn _ _ 2 - 
for all relevant values of m. 
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(ii) 
(l-b ¢)u~ < (1-t-¢)u~n + l -  CUn+l-t-u~n-1) 2 (3.8) 
(iii) Dividing equation (3.8) by the expression on its right side gives 
(1 + ¢)u~ < 1. (3.9) 
1 + (1 + ¢)u~n - ((u~n+l + un_ I ) /2 )  -- 
Since the left side of this expression is u~ +1, see equation (3.4), it follows that  the result of 
equation (3.6) is true. In other words, if the initial data is nonnegative and bounded by one, then 
the discrete-time solution of equation (3.4) has this behavior for all subsequent times. | 
While the NSFD scheme of equation (3.1) has several wonderful features, it does possess a fatal 
0 # 0 for M (1) _~ m _~ M (2) where M O) flaw. If the initial data has compact support, i.e., u m 
0 0, then the diffusion process will not propagate into the and M (2) are integers, otherwise u m = 
1 is zero from rest of the space. To see this, Observe that for m > M (2) + 1, the value of u m 
equation (3.4). The primary reason for this difficulty is that the discrete model for the u 2 term 
in equation (1.1) is given in equation (3.1) by the expression 
u 2 ~.  n+l. n (3.10) 
a m a m,  
which is local in m on the discrete space part of the lattice (m, n), i.e., both u are evaluated at the 
same value of xm. In general, nonlinear terms must be represented nonlocally on the lattice [6,7]. 
As an illustration consider the u 2 term in equation (2.4); its discrete representation i the exact 
scheme given by equation (2.5) is 
U 2 ~ n un+l  (3.11) 
Urn-  1 m 
which is nonlocal in both the discrete time and space lattice points. 
A second NSFD scheme that does not have the propagation problem is the following: 
u,~+l  u~n+lIU~m+l_2u~+u~_l ] m - U~n (3.12) 
- -  _ _ U m U m 
where 
n 
-n  Urn+l  -[- Urn -1  
U m 2 ' (3.13) 
and ¢ and ¢ satisfy the conditions in equation (3.2). For R - ¢ (At ) /¢ (Ax)  = 0.5, the u n+x is 
+ 
U~n+ 1 ~ Urn (3.14) 
1 + ¢ + (¢ -  1)fi~n + u~" 
With little effort it can be shown that 
0 <urn_  _< 1 ~ 0 _ u n+l _< 1, for all relevant m, (3.15) 
consequently, the positivity and boundedness conditions hold. Observe, that the u and u 2 terms 
in equation (1.1) are replaced, respectively, by the following discrete nol, inear representations [5] 
u = 2u - u ~ 2~n - U n+l , (3.16a) 
U 2 ~ n+l -n  (3.16b) 
Urn  Urn ,  
and that the discrete models are nonlocal on the (m, n) lattice. Examination of the right side 
of equation (3.14) leads to the conclusion that even if the initial data has compact support, the 
diffusive process will take place on the discrete space part of the lattice. 
The next section presents numerical results obtained using the NSFD scheme of equation (3.14) 
for equation (1.1). 
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4. NUMERICAL  RESULTS 
To illustrate the use of equation (3.14) for calculating numerical solutions to the modified 
Fisher PDE of equation (1.1), the following init ial/boundary value problem was studied: 
ug = 1, 
where the parameters used are 
0 0, for m _> 1, (4.1a) U m = 
and 
This corresponds to the ranges 
(Ax) 2 
Ax = 0.1, At  = ~ = 0.005, (4.1b) 
1 _< m _< 200, 1 < n < 4,000. (4.1c) 
0 < x < 20, 0 < t < 20, (4.2) 
and for equation (1.1), the initial/boundary value problem 
~(0, t) = 1, u(x, 0) = 0, for x > 0. (4.3) 
For purposes of simplicity only, the denominator functions were taken to have the forms 
¢(A 0 = At, ¢ (~x)  = (~x)2. (4.4) 
lim u(~, t) = 1, • > 0 and fixed. (4.5) 
t---~OO 
This phenomena is exactly what is expected for a diffusion process. 
The tables present numerical values rounded-off to five places. However, to machine accuracy, 
at both n = 500 and n = 4000, all grid points had nonzero values, but most were extremely 
small. For example, 
uS00 (7.7761501623582) × 10 -123, 
100 = 
u4000 (2.6392629167369) × 10 -29 
100 = 
(4.6a) 
(4.6b) 
This can be understood in terms of the diffusive processes; in general, the propagation velocity is 
infinite [10]. However, note that the effective speed of propagation on the computational lattice 
is given by the expression 
Ax 2 
vp = A---t = A'-'-x" (4.7) 
This result follows from R =- At / (Ax)  2 = 0.5. Thus, in the limit as Ax --. 0, vp --* oc, as 
expected. 
Additional discussion of this issue will be given in the next section. 
In summary, this problem studies diffusion from a fixed source at x = 0 into the space region 
of x > 0. The results of the calculation are presented in Tables 1 and 2. An examination of these 
two tables clearly reveals diffusion taking place into the region x > 0. At a given fixed value of x, 
say x = ~, the value of u(~, t) increases monotonically from zero at t = 0 to the value one, i.e., 
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Table 1. Numerical solution of equation (1.1) using equation (3.14) with Ax = 0.1 
and At = 0.005. The u~n values are for n = 500 and the indicated numbers are 
rounded-off to five places. 
m u5m °° 
0 1.00000 
1 0.93484 
2 0.86927 
3 0.80291 
4 0.73542 
5 0.66651 
6 0.59597 
7 0.52367 
8 0.44963 
9 0.37409 
10 0.29761 
11 0.22132 
12 0.14731 
13 0.07961 
14 0.02631 
15 O.0O4O4 
16 0.00046 
17 0.00005 
18 0.00000 
Table 2. Numerical solution of equation (1.1) using equation (3.14) with Ax ---- 0.1 
and At ---- 0.005. The u~n values are for n - 4,000 and the indicated numbers are 
rounded-off to five places. 
'T~ U4m 000 
0 1.00000 
1 0.99928 
2 0.99855 
3 0.99780 
4 0.99705 
5 0.99627 
30 0.94506 
31 0.94010 
32 0.93471 
33 0.92884 
34 0.92246 
35 0.91552 
65 0.08117 
66 0.03863 
67 0.01091 
68 0.00199 
69 0.00032 
70 0.00005 
71 0.00000 
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A nonstandard finite difference scheme was constructed for the modified Fisher PDE given by 
equation (1.1). The most important aspect of this scheme, equation (3.14), was the nonlocal 
discrete representations of all the terms on the right side of equation (1.1), i.e., 
[n  - 2u~ +U~_ l ]  
UUzz  ~ . n+l  Um+l  
~ ih-~)~ ' 
u - ,  2~ - u~ +I, 
U s ~ , t tn+l~.  n 
- -m - -m,  
(5.1) 
(5.2) 
(5.3) 
where 
n Un 
-n um+l + ,~-1 (5.4) Urn" ~ 2 
The a priori constraints used to form this construction were positivity, boundedness, and the 
requirement that diffusion occurs for initial data with compact support. This paper extends 
previous work by Mickens [ll] on NSFD schemes for equation (1.1). 
The PDE of equation (1.1) has two fixed points or constant solutions, namely u (1) (x, t) = 0 
and u (2) (x, t) = 1. These fixed points are, respectively, unstable and stable in the linear approx- 
imation. A calculation of the corresponding (linear) stability properties of the NSFD scheme 
given by equations (3.12) or (3.14) also show them to have exactly the same properties. This 
result is important, since otherwise the scheme would certainly have numerical instabilities. 
The denominator functions for our numerical work were taken to be the simplest ones consistent 
with the conditions of equation (3.2), namely, those given by equation (4.4). In general, ¢(At) 
and ¢(Ax) can be otherwise arbitrary. For this general case, if a definite value R* is selected 
for R, defined in equation (3.3), then a functional relationship exists between the step-sizes At 
and Ax, i.e., 
¢(At) R* R - = = given, (5.5) ¢(Az) 
and solving for At gives 
where F(R*, Ax) has the property 
At = F(R*, Ax),  (5.6) 
At = R*(Ax) ~ + O [(Ax)4]. (5.7) 
For the usual forms taken for ¢(At) and ¢(Ax), see [6,7], the time step-size can always be 
determined explicitly as a particular function of R* and Ax. Finally, it is important to note that 
for a large class of nonlinear diffusion PDEs, R* takes a value of 0.5 or some number of similar 
magnitude [5,7]. 
Current investigations are attempting to generalize the results of this paper to the following 
nonlinear PDE [12]: 
u, = (uux)x + ~u(1 - u), (5.8) 
where A is a nonnegative parameter. For )~ = 0, a possible solution is a diffusive shock wave 
having a finite region of support and where the edge of the shock wave travels with finite, but 
decreasing speed as time increases [13]. This is a particular member of a more general class of 
nonlinear eaction-diffusion PDEs studied analytically by Newmann [14]. It will be of interest o 
determine the validity of NSFD schemes for these equations. 
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